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LAGRANGE'S EQUATION IN THE CALCULUS OF VARIATIONS, 
AND THE EXTENSION OF A THEOREM OF ERDMANN. 

By J. K. Whittbmoke. 

1 . If y is a function of x which satisfies certain conditions of continuity 
and makes the integral 

/ = / F{x, y, y<)dx 

a minimum, then, as is well known, the following relation must be satisfied :* 

(1) £' (vFy + v'J'y)dx = 0, (l'^ = 1^, etc.) 

where ij denotes an arbitrary variation of y. 

It is the purpose of this paper to deduce from (1) the difierential equa- 
tion, known sometimes as Lagrange's Necessary Condition, with the fewest 
possible additional assumptions concerning y and JF", and also to prove a gen- 
eral theorem regarding the continuity of y' which has been shown by Erdmann 
to hold in certain special cases, f This condition is 

* For a proof of this theorem c/., for example, Professor Osgood's paper, this number of 
the Annals, p. 107. 

In the present paper it Is assumed : 

(a) that the function F(_x, y,p), regarded as a function of the three independent variables 
(x, ViP), is, together with its first and those of its second partial derivatives which present 
themselves, continuous throughout the region 

Jt: x^^x^Xi L^y^M, L'^p^M; 

(fi) that the function y is continuous throughout the interval Xf,^x^xi and has a continu- 
ous first derivative at all points of this interval with the exception, at most, of a finite number 
of points ; and that y' remains finite throughout the interval. 

t Erdmann, Crelle, vol. 82 (1876), p. 21. A relation is there established from which it fol- 
lows in many cases that the graph of a function y which makes the integral / a minimum can- 
not have a vertex. Weierstrass extended Erdmann's theorem to the case that x and y are 
expressed as functions of a parameter t, obtaining the equations 

[^-'] «, - = C^-] *. + ' i^y'l t,-o = [^.-J ,. + 0. 

Of. Kneser, Lehrbuch der Variationsrechnung p. 17i. 
(130) 
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Let us consider first the usual method of obtaining the differential equa- 
tion (2) from (1). If we integrate by parts the second term of the integrand, 
we have : 

Here the term j i)Fy. vanishes, if we assume i;(a:o) = vi^ — 0, and there- 
fore 

J^r>'F,.a.=.-l,-^d.. 

The necessary condition (1) thus becomes 

dF„; 






<fc )*» = »• 



From this equation it maybe proved — and in this- proof we are not at present 
interested — tliat 

' dx "• 

We observe that the integration by parts here employed assumes the ex- 
istence of dFy'jdx and hence, when Fy^^ 0, of y". It is just this assumption 
which we wish to avoid, for every assumption made concerning y restricts the 
scope of the problem solved. If we assume any property of y, we can know of 
the function y, found as a solution of the problem, only that it makes the in- 
tegral I smaller than any other function, y, having the same properties. To 
remove any assumption concerning y is to enlarge the solution of the prob- 
lem, — it is adding to the functions which give the integral a greater value than 
the y found as a solution. For example, consider the problem of finding the 
shortest line connecting two points of a plane. We define the length of the 
arc of the curve y =f(x) between two of its points, {Xf„ y^) and {x^, y^), as 



L = rVi + y" 

Jxt 



dx. 

If we assume the existence of y" we find by the Calculus of Variations that 
the shortest line is the straight line joining the two points. It is however 
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quite conceivable that there should exist a function y, which has no second 
derivative y", which would make the integral L smaller than the function y 
which defines the straight line. If we can avoid assuming the existence of 
y" this possibility is removed. 

The method of transforming the integral (1) which I have given above 
was, I think, used by all writers on the Calculus of Variations preceding 
Du Bois Eeymond.* He showed how we may obtain equation (2) from (1) by 
assuming the continuity of y' without assuming the existence of y". In this 
paper I shall show, following to a certain extent the method of Du Bois Eey- 
mond, as it was presented by Hilbert in a course of lectures on the Calculus 
of Variations delivered at Gottingen in the summer of 1899, that it is not 
necessary to assume even the continuity of y' at all points of the interval 

I assume for simplicity that y' has only a finite number of discontinuities ; 
but the method employed applies without modification to the case that y' has 
an infinite number of discontinuities in the interval, the content of this set of 
points being zero. As regards the function F, I assume 

(a) , for the proof of the existence of y" at a point in whose neighbor- 
hood y' is continuous, that Fy<y'{x, y, y') ?£ at this point ; 

(6), for the proof of the continuity of y' at a given point, that 
Fy,y> (x, y, y) :^ 0, where Y' has any value between (and inclusive of) the 
limits within which y' lies in the neighborhood of this point. 

It is interesting to note that this latter assumption is at the same time, 
provided a field exists, Weierstrass's sufficient condition for a minimum for 
strong variations. 

2. To avoid the necessity of assuming the existence of the derivative 
dFy.jdXf and hence of y", we integrate by parts the first instead of the second 
term of the integrand in (1). We have 

f'vFydx = [v f'FydxT' - ["'(v' r Fydx\dx. 

JXt L Jxi, Jar, Jx, \ Jx, / 

We shall, by a particular choice of the variation rj, be able to show that the 
function 



Fy. - f'FydX = P(X) 



* Math. Aniialen, vol. 15 (1879), p. 664. 
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is a constant. In deducing a necessary condition for a minimum we may evi- 
dently use a particular variation. From the fact that P(x) is constant we shall 
prove the continuity of y' and the existence and continuity of y". 

The points at which y' is discontinuous or does not exist are by hypothe- 
sis finite in number. We may, then, choose two intervals aj to /Sj and oj to /Sj 
so that Xo < «! < ySi < oa < ySj < ^i» 

A — «i = A — «2» 
and further so that when 

ui & X ^ fii or Oi ^ X ^ ^2 

y'(x) is continuous. 

We will now choose 17', the derivative of the variation 17, as follows, where 
e is a positive constant. 



«. ff, ^>—^%^ "' 



v' = 


when 


Xo ^ X ^ ai 


rj' = f(x- a,)(^i-.r) 


(( 


ui <x &fii 


V' = 


n 


/3i < aj ^ oj 


t)' = - e(x - Ui) (^2 - x) 


n 


a.i < X S /Sg 


v' = o 


it 


/S, < X ^ Xi 



We see that 1;' is continuous ; the derivative of 17' is however not continuous. 

That is immaterial for our purpose. 

The function rj, whose derivative is thus defined, which vanishes for 

a; = aju is given by the formula : 

/*« 

dx. 



rj = I rj'ds 



Finally, J7(a;i) = 0. Since e is arbitrary, it may be chosen so small that ri will 
be a weak variation. This is desirable, since a necessary condition that holds 
even when only weak variations are considered is a broader condition than one 
that does not hold unless strong variations are admitted. 

We now transform (1), integrating by parts the term i)Fy. We have 
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r\F,dx = [v f'F^dxV- f' U' r F^dx\dx 
= - [''(v' rFydx)dx. 

J-Xa ^ Jx, / 

Equation (1) thus becomes 

r\' (f^. - r F„dx\dx = 

or / ' v'P{x)dx = 0. 

Jx„ 

Since i)' = except when x is between a^ and yS^ or between Oj and /S^, we may 
write 

je{x-a{) (/3i - x)P{x)dx - f \(x-ai)(/3^-x) P(x) dx = 0. 

In the second integral let us change the variable of integration to y, where 

y — X ■{■ ai — a^. 

The equation becomes then, if in the second integral we write x instead of y 
and if we combine the two integrals, 

' e(x - a,) (/3i - x) [P<cc) - P(x + a^ - ai)-\dx = 0- 

The factor in brackets is a continuous function of x, for we have supposed 
y continuous for all values of x between aj and ySj or between a^ and /Sj, 
and Fjf and Fy are continuous functions of x, y, and y'. Now the ftiptor 
«(x — ui) (/3i — x) is never negative within the limits of integration. Hence 
for some value of x between aj and ySj, we must have 

P(x) - P(x + *i! - aj) = 

since this function of x must change sign, and, being continuous, must vanish 
in the interval. Let this value of x be 

x = ai + ^(/9i_ai), O^^^l. 

P[ai + ^CA - «i)] = PK + ^(A - «i)]. 

We may now let ^ — oj approach zero, and since in the interval considered 
P(x) is continuous, 

P(«,) = P(«,), 

where a, and a^ are any two points of the interval x^ to x^ where y' is contin- 



uous. 
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Thus it appears that the function P(x) has one and the same constant value, 
C, throughout the whole interval from x^ to Xx with the exception at most of 
a finite number of points, namely those at which we have not assumed the 
function y to be continuous. Let eg be one of these points. Introduce a 
function »(») which shall be equal to ^ at all points at which y' is continuous, 
and at the point a^ shall have a value presently to be defined. We shall 
show that this value may be chosen so that the function 

P{x) = Fy.{x,y,(o)- \ Fy{x,y,y')dx 

will be continuous at x = 03. 
The function 

<^(a;, o)) = Fy.(x,y,a>)— / F„(x,y,y')dx 

Jx, 

regarded as a function of the independent variables, x and «*, is continuous in 

these variables, and it has the value O when <o is the function of x above 

defined and x ^ 0$. 

We may choose a positive nimiber S so small that, when x satisfies the 

inequality 

Oi < X ^ 03 + Sy 

y' is continuous. Now, as x approaches 03, <»(a;) may conceivably approach 
no limit. Whether it does or not, there is certainly, since y' is restricted to 
finite limits, at least one value, fi, such that there are points in every neigh- 
borhood of as for which the corresponding values y' differ from XI by less than 
any preassigned positive value. Let any such value Xi be chosen as the defi- 
nition of <o(x) when a; = «j: (0(^03) = 12. Now let x approach 03 passing 
through only such values of a; that «(«) approaches Q)(a3). Since <j>(x, «*) is 
a continuous function of a; and to, we have, 

<^(a3, 12) = lim 4>(x, «b) = C 

Suppose <»(a;) is in this way defined at every point for which y' is 
discontinuous or not defined. Then «(«) is defined at all points of the interval 
ajfl to Xi, and we have obtained the result that, ybr every value ofx, 

JP{x) = <f>{x, «b(x)) = C. 
I will now prove that tB(x) is continuous. We have 

<f>(x + Ax, to(x + Ax)) — <f>(x, t»(x)) = 
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Putting for ^ in this equation its value, and using the mean value theorem, 
we have 

Aa Fy-y. {x + Ax, y + Ay, <o + dLa) + Ay Fyy (x + Aa;, y + (JjAy, w) 

Fydx = 

or, solving for Ao), 

/ Fydx- AF^y.(x + ^2 Aa5, y, e*) -AyFyy.(x + Ax,ij+ d^Ay, <o) 

(4) Affl = •^■^— 

Fy.y.{x + Aa;, y + Ay, a> + OAe>) 

If now we let Aa; approach zero, the numerator of the fraction approaches 
zero, and the denominator does not, since by hypothesis 

Fy.y.{x,y,y<)^Q L'^yf^M 

Hence lim Aw — 0, and <o{x) is a continuous function of x. 

AXs=0 

It can now be shown that y' exists at the point x — a^, and that the func- 
tion y'(x) is at this point continuous. For since y is a continuous function in the 
interval as ^ a; ^ 03 + Aa;(or, when Aa; < 0, in the interval ag + Aa; ^ cc ^ as) > 
and since y has a derivative y' at all internal points of this interval, we may 
apply to the function y the law of the mean. We have 

yl^-t^mi^^^^a^+oA.). 

Since we have shown that y'(ag+ dAx) approaches a limit as Aa; approaches 
zero, the existence and continuity of y' at a; = a^ follow at once. 

To prove the existence and continuity of y", divide equation (4) through 
by Aa; and notice that y' = o>(a;) for all values of x in the interval (a;;,, Xj) . 
Now let Ax approach and wo have 



lim Ay' F„-F^.-y'F, 



^=0 Ax Fy.y' 



joC 



Finally we may notice that, if the existence of the third partial derivatives 
of F is assumed, we may in the same way prove that y'" exists, and similarly 
for the higher derivatives. 
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